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The representations of the group of unitary operators which are trace-class 
perturbations of the identity on an infmite-dimensional separable Hilbert space are 
classitied according to factoriality. quasi-equivalence, and semitiniteness, by relating 
these representations to the quasi-free representations of the Weyl algebra. This 
answers the problem posed by $. Stratila and D. Voiculescu (Lecture Notes in 
Mathematics, Vol. 486, Springer-Verlag. BerlinNew York, 1975). e 1988 Academic 
Press. Inc. 
The classification of the representations of the inductive limit unitary 
group U(a) in antisymmetric tensors was completed by Stratila and 
Voiculescu [19, 201 (see also [3]). In [19, Chap. IV], the question of 
classification in the symmetric tensors is raised. An equivalent problem is 
to study a subcollection of the KM.9 states x introduced in [20]. In this 
paper, we totally solve this problem with respect to factoriality, quasi- 
equivalence, and semiliniteness. Analogous to the antisymmetric ase, x can 
be identified with the restriction of a quasi-free state Q of the Weyl algebra, 
where such states are chosen with respect o a fixed complex structure and 
are parametrized by bounded operators. 
The proof of the factor condition (Theorem 1) uses the same framework 
as in [3, 191; however, complicated combinatorial arguments are replaced 
by techniques from probability theory. In particular, these methods sim- 
plify the reasonings found in [ 19, Chap. IV]; moreover, they should be 
useful in the study of the general KMS states in [20]. The proof of quasi- 
equivalence is very similar to the arguments in [3, 191; note, though, that 
the necessity result is slightly more delicate because of the unwieldiness of 
the Weyl algebra. 
This study also relates to infinite-dimensional groups which are not 
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analogues of matrix groups. For example, in [8], Carey observes that loop 
groups can be imbedded in the restricted unitary group for which we can 
provide several series of projective representations, ee Section 5(b), as an 
application of our results. 
1. PRELIMINARIES 
Let H be a separable complex Hilbert space. Canonically attached to H 
is the C*-algebra 2l(H), the Weyl algebra of H. We give a brief summary 
of its definition. Let ‘3,(H) be the normed *-algebra generated by the 
delta functions 6;: H + C, ZE H, with the product rule: 6,6,, = 
exp[i/2Im(z, ut)].6,+,,.; involution (6r)*=6P,; and, norm: ]ICU,~~J = 
Z/ail. Let 9? be the set of all *-representations 7~ of 2&,(H) such that, 
for fixed z, t H ~(8,;) is strongly continuous. 2I(H) is the completion of 
2&(H) with respect to 9. The full unitary group U(H) acts on a(H) as 
Bogoliubov automorphisms, determined by y( V) 6; = dL,=, UE U(H) and 
,‘E H [14,18]. 
The quasi-free states or- of 2l(H) are uniquely specified by their 
generating functions: ~~(8;) = exp[ - 1) Tz 11 2/4], where TE Y-, the set of all 
bounded self-adjoint operators on H with T2 I. If T= c .I, c2 1, wT is 
invariant under all Bogoliubov automorphisms and is called “universally 
invariant” [ 181. Ok, T= Z, corresponds to the Fock representation. In 
[ 141, an isomorphic Weyl algebra is considered. The quasi-free states there 
are indexed by the set 9’ of all bounded skew-adjoint operators A with 
IAl > I. There is a natural correspondence between Y and Y given by: 
A = -Jo T2, where Jo is the complex structure of H. 
The inoariant subalgebra d(8) of ‘U(H), where d = {ej) is some 
orthonormal basis for H, will be the analogue of the gauge-invariant CAR 
algebra [3, 201. To construct &‘(a) recall that the Fock representation of 
‘!X( H) acts on (symmetric) Fock space g(H), where 9(H) = OF= o FJ H) 
and 9J H) z S”(H), the nth symmetric power of H. First, for a linite- 
dimensional Hilbert space M, G?‘(M) is the set of all elements of ‘%(M) 
invariant under y( U( M)). Since dim(M) < co, a(M) can be identified with 
its image in Fock space so that z!(M) is given by the elements that leave 
Pn(M), n 2 0, invariant. The center of d(M) is generated by the projec- 
tions P,(M) [ 18, p. 5073 which are the spectral projections of the one- 
parameter group I H T(e” . I), where r( U) E (/(9(H)) implements the 
Bogoliubov automorphism y(U). Moreover, these projections satisfy the 
relation 
P/c(Hn + 1) = i f’j(Hn), (1) 
j=O 
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where d(H,) is identified as a subalgebra of d(H,+ ,), where 
H, = span(e,, . . . . e,}. d(b) is defined to be the closure in 2l(H) of 
U;=, d(H,). Unlike th e f ermion case, the invariant algebra is basis 
dependent. 
The C*-algebra A(b) which models the representations of U(‘zc) in the 
symmetric tensors is neither a quotient of C*( c’( ‘m)) nor an AF-algebra; 
rather, A(&) is an inductive limit of type I von Neumann algebras. In par- 
ticular, let A,, = @,YO End(Y(H,)), then let A ~, be the algebraic inductive 
limit of the algebras A,,, n b 1. By identifying the U(n)-modules T( H,,) and 
.S( H,), we have that A % is naturally isomorphic to U,“= I &( H,) c ‘%(H). 
Finally, we define A(&) as the completion of A with respect o the topology 
of ‘S(H). Because the algebras d(&) and A(G) are naturally isomorphic, 
for the remainder of the paper, we use only the algebra d(a). 
The primary purpose of this paper is to study the positive-definite 
functions xs on the group U,(H), introduced by Strati15 and Voiculescu 
[20]. Here, Xe(V)=det((l-B)(l-BV))‘), VcU,(H), and BE$I(H) 
with 0 6 B < 1, and C’,(H) = { CJE U(H): U= 1 mod %, ), where %‘, is the 
ideal of trace-class operators. With respect o any orthonormal basis &, the 
functions xe restrict to U( cc ), so they correspond to certain states of &(t”). 
More precisely, if p is the imbedding of V(‘X) into &(a), then 
o&I(V))=XJV), V~Ci(,zo), and T’=(l+B)(l-B)-’ [lS] when T is 
diagonal. This constraint is removed at the end of Section 3. 
The algebra %ti(&) shares many of the same properties of AF-algebras 
developed by Stratila and Voiculescu [ 19, Chaps. I, II]. 
(i) &‘(6) possesses a dynamical system (Q, I-) that supports the 
quasi-free representations. 
B is given as the space of infinite paths in a directed graph G = (V, E). 
Let C’, the set of vertices, be: (0,O) u U,“=, {(n,k): k 2 0). There is an edge 
from (n, k) to (n’, k’) iff n’ = n + 1 and k’ >, k. Q is the set of all paths in G 
with initial point (0,O); R,, is the set of all finite paths of length n in G 
with initial point (0,O). As a set Q can be endowed with coordinates by 
identifying Q with n;=, (Z’ u {O)). To specify measures on Q, it is 
helpful to introduce the cylinder sets R,,, of all paths in Q that pass 
through the vertex (n, k). 
The locally finite group f of path permutations is generated by the finite 
groups I-, . f,, is specified by the generators y( p, p’) of order 2, for each pair 
of paths p = (pi) and p’ = (p:), where x; pi = x:‘I pi. and p, =p:, i > n. Then 
)I( p,p’) fixes all paths except for p and p’. For them, y(p, p’)(p) =p’ and 
‘)‘(P, p’Np’)=o. 
(ii j The infinite symmetric group S( c;c~ ) is a proper subgroup of ZY 
The S( 1x1) action is given by permuting the difference of the coordinates 
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(p,) of the path p (where p. is taken to be 0). This is unlike the fermion 
case [ 191 and the product states studied in [4, 51. 
(iii) The path space 52 admits a special collection of probability 
measures Pi, the quasi-free measures, where C = (cn}:=, , 0 < c, < 1. pc is 
uniquely determined by its values on the cylinder sets: P~(SZ~,~) = 
(1 - c,) ct. Identifying with its coordinate representation, p’c is the infinite 
product measure OF=, p,, where p, is the discrete probability measure 
(“the geometric distribution”) on the non-negative integers with density 
((1 -c,,) cn”>E?“=,. 
(iv) &(a) possesses a diagonalization with respect to a maximal 
abelian subalgebra A and a faithful conditional expectation P of a(&‘) 
onto ,K. Then 52 can be identified with a dense subspace of the maximal 
ideal space of .&‘. Moreover, Ok = p’cc P, where C is identified with the 
diagonal operator Ce, = cjej and T* = ( 1 - C)( 1 - C) -‘. The requirement 
that T be bounded demands that the spectrum of C is bounded away 
from 1. 
(v) The clustering conditions for factoriality and quasi-equivalence of 
factor states on AF-algebras given in [ 19, Chap. II] extend to the states of 
d(g) which are “locally normal,” i.e., states o whose restriction to ,&‘(H,,) 
is normal for all n. 
(vi) Finally, we give a brief summary of the above notations. 
The positive-definite functions xs of U,(H) are defined in a basis- 
independent fashion; however, all the algebras defined above are dependent 
on an orthonormal basis B. In particular, with respect o 8, the restriction 
of xB to U(a) yields the quasi-free state or., TEY-, or oA, A ~9, of 
d(g). This state, in turn, naturally corresponds to the quasi-free measure 
p’c on the path space Q. 
In the statements of our theorems, it is convenient to use the above 
various parametrizations; e.g., in Theorem 1, we use the state or, TE Y-; in 
Theorem 7, the state oA, A E Y; and in Theorem 8, the measure pc. These 
results are all statements concerning the positive-definite function xe. 
2. FACTOR CONDITION 
We use the techniques of Baker [3] and Stratila and Voiculescu to 
establish the factor condition for restrictions of quasi-free states to the 
invariant algebra which are analogous to the Fermion case. 
THEOREM 1. Let TE Y be diagonal. Then co7 is factorial if and only if 
Tr( T* - 1) = co if and only if wT. is equivalent to a direct sum of Fock 
representations. 
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ProoJ: Necessity. If Tr( T2 - 1) = 00, then the quasi-free representation 
oT. is unitarily equivalent to a direct sum of Fock representations [9]. But 
the Fock representation of the full Weyl Algebra restricts to yield a direct 
sum of inequivalent irreducible traceable representations of A with 
signatures (n, 0, 0, . ..). n 2 0 [6]. 
Sufficiency. Since Tr( T2 - 1) = 3c if and only if 1 cj= ‘x, it is enough 
to verify that pC is r-ergodic. 
(i) If ci = A, for all j, then oT is an extremal tracial state. 
By assumption, pC is f-invariant. Because the tracial states of &(a) are 
afftnely isomorphic to the universally invariant states of Z&‘(H) [ 181, the 
extremal tracial states of &(a) are the restrictions of the quasi-free states 
given in (i). Note the classification of the universally invariant states is 
given by finding all completely monotone sequences [ 181. 
(ii) If lim,,, lI(z-l)n;=,+,((l-c,)/(l-c,z))Il=O, then pC is 
I--ergodic. Here II x$ ajzi(I =x; Iail. 
We follow closely the reasoning of [ 19, pp. 99-1011. If suffices to check 
the clustering condition for ergodicity for characteristic functions of the 
form: fix p = (p,),“= ,, form (w: wj = p,, 1 <j < rr}. Let Prob(p) = 
npj({p,)), DJi,r) = (COEDS? (Z+u{o)j:w,=k}, D,=Dk(l,r)cQ, 
and 0; = (o E D,: o, =P.~, 1 6 j 6 n). Then the clustering condition is 
equivalent to 
lim f IpD; - pDk. Prob(p)l = 0. 
‘-*k=O 
(2) 
(To see this, take C+J in [ 19, p. 1001 to depend solely on the index k, i.e., 
only on the central elements of A,.) We next observe that (0: pLi)(Dk(i, r)) 
is the coefhcient of zk in n; (1 - c,)/( 1 - c,z). Now, pD; = Prob(p) . 
(@z+, p,) (D,(n + 1, r)). Hence, (2) becomes 
J\: fj (l-cJ(l-CIz)(z~~~-fi(l-Cj)/(l-cjz))~~=o. (3) 
;I ,t + 1 I 
(Here, I pl =P,,.) Without altering the measure class of pc, we can assume 
that c, = ,I, 1 <j d n, for some 1, 0 < 1~ 1. So, (3) becomes 




Sincez’P’(l-Jz)n-(l-~)n=(~-l)q(z), q(l)#O, (4) is implied by 
IIqIl(l-~)“J~~ fi (l-c,),(l-C.iz)(z-l)~(=o. 
II n+l 
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(iii) (a) If cj=& for all j, then lim,,, Il((l--J)/(l-1~))’ 
(z - 1 )I1 = 0. 
(b) For any i>O, lim,,, (lexp[rA(,-- l)](:- 1)/l =O. 
Proof of (a). We simply take p,, = 0 and n = 1 in the equivalent form of 
the clustering condition (2). 
Proof of (b). Let v = @ 7 v,, be any infinite product of faithful 
probability measures on the non-negative integers. Then v is r-quasi- 
invariant; moreover, if v,, = \lO, n 3 1, then v is S( a )-ergodic by the 
Hewitt-Savage theorem for identically distributed independent random 
variables [ 121. A fortiori, v is’r-ergodic. If \I, is replaced by the geometric 
distribution with generating function (1 - c)/( 1 - cz), 0 < c < 1, the 
measure class [v] is unchanged. Let \I,,, II 3 2, be the fixed Poisson 
distribution with generating function exp[l(= - 1 )], A > 0. The clustering 
condition (2) applies; and with the special choices given in the proof of 
part (a), we have 
lim /lexp[ri(r- l)](l -(l -c)/(l -c:))Il =O. 
r + x (6) 
Equation (6) is equivalent to 
lim ll(l -c:))‘exp[rE.(:- l)](r- l)ll =O. 
r--r x (7) 
Because multiplication of generating functions corresponds to the con- 
volution of the corresponding sequences, multiplication of the function in 
(7) by (1 - c:)/( 1 -c) implies the desired result. 
(iv) If c, has a non-zero limit point A, then p”c is r-ergodic (cf. 
[ 19, p. 102, Case A]). 
Let lim, - % cjs = i. - Then hm II(z-- l)n;,+, (l-c,)/(l-c,:)(l Q 
iii%,,, IIt:- 1) I-K (1 -c,,)l(l-<,,=)II d ~,,,A~,,+, lI(=-- 1) 
rI ;f +‘n? (1 - <,,)/( 1 - C/$2 )ll)<lim ~I(z- I)((1 -I.)/(1 -2z))“ll =O, by (iii). 
(v) If lim c., = 0 and C c, = Y-,, then pc is r-ergodic. 
The proof is identical to Case C of [ 19, pp. 10551071 by the following 
observations. We can identify the probability measures 07 ,u~ with the 
negative binomial distribution which under the assumptions of 
[19, Lemma 1, p. 1051 will converge weakly to the Poisson distribution 
(with generating function exp[A(: - 1 )]). By a variant of the Lebesgue 
Dominated Convergence Theorem known as Scheffe’s Lemma [2], the 
weak convergence implies the desired /,-convergence. The remainder of the 
argument is the same. 
THEOREM 2. The measure ,u~, C = (c, I., is S( a )-ergodic if and only ij 
x,Tff o (c,)” = x2, for all n. 
REPRESENTATION THEORYINSYMMETRIC TENSORS 19 
Proof. The sufficiency is found in [ 11. To establish necessity of the 
divergence conditions, we argue by contradiction. We assume there is an 
index N so that 2, c;” converges and show that ,uC is not S( Co))-ergodic. Let 
X, be the random variable on the non-negative integers given by X,(k) = 0, 
0 6 k < N, K,(k) = (1 - cj) cf, k > N. Then the series c,T:, X, defines a non- 
constant S( ,x) invariant function on Q. This series converges by the 
Kolmogorov Three-Series theorem (cf. [9, p. 1831). 
3. QUASI-EQUIVALENCE 
These arguments follow the reasoning found in the works of Powers- 
Stormer [17], Baker [3], van Daele [lo], and Stratila-Voiculescu [20]. 
LEMMA 3. If A, BEY, A-B=HE&, IIHI12<&, and B is diago- 
nalizable, then 11 A( 1 - A *)I.’ - B( 1 - B-“)‘!*(I z < (2 11 BII + 1) E. 
Proof: Since A=B+-H, A2=B2+(BH+HB+H2)=B2+H’. Then 
[\A* - B’II, = 11 H’ll, < (2 II BII + 1) E. By the useful inequality [ 17, Lemma 
4.21, we know ~IA(1-A~2)‘~‘-B(1-B-2)“2~~2~~~A2-B2~~2. 
LEMMA 4. Let A, BEY, and let O<s<l. rf ]lA-B\\~<&/4 and 
ilA(l -A-*)“* - B(1 - B--‘)‘:‘lj: < c/4, then ))w,~ -w~JI < 2[1 - 
exp( -s/16)]‘,*. 
Proof: Let E,a and E, be the complex structures on HO H obtained 
from A and B, resp., by purification (see [lo]). An elementary calculation 
yields IlEA- E,IIz<~; then lloE,-w,,II <2[1 -exp(-s/16)]r/’ by [ll, 
p. 2771. But lb,4 - ws II B IbE, - wEs II [lo, p. 1751. 
LEMMA 5. Let A E 9. Then We,,, + w, in norm as E --t 0, tvhere B(E) lies 
in Y, c > 0, has pure point spectrum, and sp( B(E)) = sp( A). 
Proof: By the Weyl-von Neumann theorem [ 17, p. 223, given any 
E > 0, A can be written as B(E) + H(E), where B(E) has the stated properties 
and IIH(E)II~ CC. By Lemmas 3 and 4, \Io~,~,-w,, (I +O as E -+O. 
For (i~LI(ff) and ‘4~9, x~,,*~,,=x~oA~(U) and since 7cA(U(co))“= 
rcA( U,(H))” for any U( co ) subgroup of U,(H), Theorem 1 extends to any A 
in Y which is diagonalizable with respect to some basis. Moreover, by 
Lemma 5, for any A E 9, xA is the norm-limit of x+), where each B(E) is 
diagonalizable, on the full Weyl algebra. But the factor states are closed 
under norm limits. so we have: 
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THEOREM 6. Let T> 1. Then x T is the positive-definite function for a 
factor representation of U,(H) tf and only tf Tr( T’ - 1) = ,x. 
THEOREM- 7. Let 8’ be any orthonormal basis for H. Let A, BE 9’ and 
suppose that o, and ws are factor states of d(b). Then o, is quasi- 
equivalent to ws zf and only if they are quasi-equivalent on the full Weyi 
algebra~fandonl~~~fA-B~~~aandA(l-A~~)’~’-B(l-B~~)‘~~~~~. 
Sufficiency. Because A - BE ‘Z2, the line segment cp( t) connecting A and 
B has the properties: A=cp(O), B=cp(l); q(t)--cp(s)EV2; cp(t)EY; and 
Ilcp(t)-~(~H2+0 as t-,3. 
For O<E< 1, partition [0, l] with O=t,< ... <t,= 1 so Ilq(r,+,)- 
cp( t,)l\ 2 < E, 0 <j < n. By the Weyl-von Neumann theorem [ 17, p. 223, there 
are diagonalizable perturbations Aj of cp(t,) so that (lo,,- w,,,,, 11 < 2 on 
%I( H). Because a representation being a multiple of the Fock representation 
on the full Weyl algebra is an invariant of quasi-equivalence, ach oA, is a 
factor state of d(a), and so together they form a chain of quasi-equivalent 
factor representations from o, to og. Hence, these states are quasi- 
equivalent on the invariant subalgebra &(a). 
Necessity. Suppose w, and wA, are not quasi-equivalent on the full 
Weyl algebra g(H). Since U(H) c Aut(Yl(H)), we can replace A and A’ 
with diagonal operators B and B’ with respect o d so that oA and og are 
quasi-equivalent and oA. and og. are quasi-equivalent on 2l(H). By the 
above sufficiency argument, restriction preserves quasi-equivalence, so that 
it will suffice to show that oA, and os. are not quasi-equivalent on d(b). 
Let the probability measures on 0 corresponding to og and w,, be pc and 
pc,, resp. Because the spectra of C and C’ do not contain 1, pc and pc, are 
inequivalent measures by Kakutani’s theorem [ 13, p. 4533. In fact, these 
measures are equivalent if and only if C (c, - CA)’ < co; but, B - B’ # g2 
implies C - C’ 4 y. 
Comments. (1) Theorem 7 yields the important result that the quasi- 
equivalence class of the restriction of a quasi-free state to the invariant 
algebra d(8) is basis independent. In fact, for any given positive-definite 
functions xe and xB’, their factoriality and their quasi-equivalence can be 
checked on any invariant algebra d(S). 
(2) The correspondence between oT. and xB given by 
T* = (1 + B)( 1 - B) - ’ holds if T is not diagonalizable. For, if T is not 
diagonalizable, then perturb T to obtain T, as in Lemma 5 so 
j(oT- Oar (( < l/n and T,, is diagonalizable. Thus, wTn -+ oT. and xs. + xs. 
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4. SEMIFINITENESS 
By Theorem 7, it suffices to determine semifiniteness only for quasi-free 
states o7 where T is diagonalizable. In other words, we need only deal with 
the equivalent question of determining the semiliniteness of the quasi-free 
measures p c. The techniques of Stratila and Voiculescu [20] readily apply, 
so we will be brief. 
THEOREM 8. Let pC he a quasi-free r-ergodic measure such that 
0 < c, < 1 - 6, for some 6 > 0. Then pc is sem$nite if and only if there exists 
CE (0, 1) such that C,;=, (c, - c)‘c, < cr,. 
ProoJ We follow very closely the argument and notation of Strati15 
and Voiculescu [20], so we will be brief in details. Suppose f is p- 
measurable, and let r x p be a f-invariant measure. By the analogues of 
Lemmas 1.4 and 1.7 in [20], there exists CE (0, 1) such that for any finite 
subset F of Z+ v =&@pF* (using the notation of [20]). Here & is the 
homogeneous product measure with constant factor given by the geometric 
distribution. For A E R, let g” = exp( 2ziA log( f )) and gi = exp( 2ni;i log( f,)), 
where f = dv/dp and f,, = dp,/dp. By the reasonings of [ 151 and [20], we 
know there are constants aA =exp(2&:) of modulus 1 so the series 
En I( ai gi - 1 (I f converges, for any 1 E R. Hence, the series 
C(1-c,)ci,IE(n,j,~,c)-1/2<~, (8) 
n. j
Note that pc is ergodic, so K# 0. We now establish (i). For fixed j, (8) 
implies 1 { ( 1 - c,) c’, I E(n, j, A, c) - 11 2: n E K} converges. This series 
converges if and only if the series x { ) E(n, j, 1, c) - 1 21 : n E K) converges, 
since {c,> is bounded away from 1. By combining the above series with the 
values j and j+ 1 and by using the inequality: lexp(x - y) - 1 I2 < 
2(le .‘- 1)12+ Je’- 112), we have 
But (9) converges iff ~{Ilog(c,/c)~*: nEK}<oO iff C(Ic,/c--1)‘: 
where E(n,j, A., c) = exp[2ni1(6: - log( 1 - c) -jlog(c) + log( 1 -c,) + 
j log(c,)]. The sequence {c,,} has at most 1 limit point c in [IO, 1). Let 
I= {n: c, + 0} and K= (n: c,, + c}. We claim 
(i) 1 {(c,-c)2:nEK)<a; 
(ii) 1 {c,:nEZ}<rxj. 
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n E K) < $x. Hence, (i) holds. To show (ii), we use similar techniques. For 
fixed j, 
,z, { (1 - c,,) c;> ( exp(2ziA log(c,,/c)) - 1 / ’ I\ < x 
Hence, I,,. , (1 - c,~) c;,( 1 - cos(27r1 log(c,/c))) < cxj. Set r, = c,/c. Then 
3’ 
v,(l -2&cos(r,,)) < a. By [15, Lemma 3.51, T,, -+O implies 
r,,: no I) < xl. Thus, C {c,,: no I) < ~1. Conversely, if I:=, (c,, -c)’ 
c,~ < x, for some c E (0, 1 ), let I and K be the sets of indices defined above. 
By [9, p. 1811, x;=, c,, < x8 implies ,u, is equivalent to the “Fock” quasi- 
free measure on Q,, so’p,+ iv1 where V, is discrete. By Kakutani’s theorem 
[13], ~K~~~~~~li. Hence, ,M-~,x\‘,on Q=Q,xQ,. 
5. CONCLUDING COMMENTS 
(a) Following the method of Carey [7], it is possible to refine 
Theorem 8 to give examples of type III, factor representations, 0 < 1< 1, in 
restricted cases. 
(b) Recent work of Carey [S] and Pickrell [ 163 motivates studying 
subgroups G of Aut(U,(H)) or Aut(&‘(&)) to obtain projective represen- 
tations of G. For example, let E be a projection on H with inlinite-dimen- 
sional range and kernel, and let 0 c ;1. We say XE a(H) lies in rGL(H), the 
restricted general inear group, if EX( 1 - E) and ( 1 - E) XE are in y. Then 
U, = U(H) n rGL(H) c Aut( U,(H)) acts on w = wA, A = ( 1 + AE) i. The 
U,-orbit of o can be identified with the Hilbert-Schmidt Grassmannian 
found in [ 163; moreover, U, fixes the quasi-equivalence class of w. Since w 
is a type III factor state and automorphisms of such factors are unitarily 
implemented, we obtain formally projective representations of U,. 
(c) Another class of subgroups of Aut(U,(H)) is singled out by 
requiring that in addition to preserving a quasi-equivalence class that the 
resulting automorphisms be inner. In particular, for type II, factor states, 
these subgroups are the analogue of the ones found in Blattner’s theorem. 
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